This study deals with generating aerodynamic indicial-admittance functions for predicting the unsteady lift of two-dimensional aerofoils in subsonic flow, using approximate numerical and analytical formulations. Both a step-change in the angle of attack and a sharp-edge gust are suitably considered as small perturbations. Novel contributions concern both a systematic analysis of the computational simulations process and an effective theoretical synthesis of its outcome, providing with sound cross-validation. 
Especially at its preliminary stage, aircraft's multidisciplinary design and optimisation (MDO) [1, 2] requires robust and efficient methods for dynamic loads calculation [3] [4] [5] and aeroelastic stability investigation [6] . Within this framework, indicial-admittance functions [7] [8] [9] [10] [11] can serve as very effective tools and reduced-order models (ROMs) [12] for applied unsteady aerodynamics via Duhamel's convolution integral or its state-space realisation [13, 14] .
Considering subsonic flow perturbations [15, 16] due to both a unit step in the angle of attack and a unit sharp-edged gust [17] , few (often approximate) indicial functions [18, 19] have been obtained for the lift build-up of a thin aerofoil [20] [21] [22] in both incompressible [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] and compressible flow [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . These functions include unsteady circulatory and non-circulatory parts [52] , the physical phenomena behind which can be approached both numerically via nonlinear computational fluid dynamics (CFD) [53] and analytically via linear potential flow theory [54, 55] , in order to combine the complex generality of the former approach with the solid synthesis of the latter approach and hence provide with sound cross-validation as well as thorough understanding [56] .
Simplified theoretical models can suitably be used to test robustness and consistency of numerical models as well as provide with essential insights on the fundamental behaviour of the physical phenomenon; they also are the best candidates for parametric sensitivity studies and affordable uncertainties quantification, especially within the MDO of complex systems. Analytical solutions for the aerodynamic indicial functions of two-dimensional airfoils in subsonic flow are only partially available and sometimes inadequate for accurate practical use. In particular, Possio's integral equation [39] is elegantly expressed in kernel terms but has neither exact closed-form solution nor explicit expression for the aerofoil load, while Lomax's exact closed-form solution and explicit expression for the aerofoil load [45] hold for the non-circulatory part only (yet including the transition to the circulatory part) and are not practical; no exact closed-form solution and explicit expression for the aerofoil load are available in the literature for the circulatory part only.
Advanced computational models can suitably be used to test hypothesis, applicability and accuracy of analytical models as well as provide with fully-detailed high-fidelity descriptions of the physical phenomenon. CFD-based generation of aerodynamic indicial functions for thin aerofoil and finite wing has been performed by several researchers in recent years [57] [58] [59] [60] [61] [62] [63] [64] . Time-accurate schemes, physically consistent grid motion and deformation algorithms [65] have reached a certain maturity [66, 67] and are available within the most popular CFD solvers developed for the aeronautical community; however, for the accurate simulation of both circulatory and non-circulatory portions of the flow response there is no fully-established best practice yet [61] . In particular, an approach based on the Reynolds-Averaged Navier-Stokes (RANS) equations [68] would possibly provide an accurate yet computationally expensive prediction with most solvers but would also introduce an inconvenient dependence on both Reynolds number and turbulence modelling [69] for a phenomenon which is substantially inviscid. Solutions obtained on the basis of the Euler equations [68] are computationally attractive but might exhibit a dependence on numerical dissipation as a result of the propagation of oscillations in the non-circulatory response [53] .
Considering the NACA 0006, 0012, 2406 and 2412 aerofoils [70] [71] [72] in a compressible subsonic flow 0.3 < M < 0. 6 , careful yet computationally affordable evaluation of both circulatory and noncirculatory parts of the aerodynamic response is performed in this concept demonstration study.
Both a unit step-change in the angle of attack and a unit sharp-edge gust are suitably considered as perturbations. Ranging from thin symmetric to thick cambered aerofoils, the effects of domain size, spatial resolution, time stepping and integration scheme [73] on the Euler/RANS CFD solutions are first investigated and an effective analytical synthesis is then attempted on solid physical grounds [10] . A convenient methodology is proposed for approximating aerodynamic indicial functions [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] of compressible subsonic flow by modifying those of incompressible flow directly, based on acoustic wave theory [8, 45] for the non-circulatory airload and Prandtl-Glauert's scalability rule [22, 46] for the circulatory airload. In particular, an explicit parametric formula is newly proposed for modelling the latter as function of the Mach number in the absence of shock waves, while damped harmonic terms are effectively introduced alongside exponential terms for better approximating the former as well as preventing the nonlinear curve-fitting problem from being ill-conditioned, as less terms of the same analytical form become necessary. Considering the asymptotic (steady) lift coefficient as an additional free parameter, appropriate tuning of the analytical expressions is also derived in order to re-examine the rigor of superposing circulatory and noncirculatory contributions in the light of the CFD results and effectively reproduce the latter with a relatively simple approximation [92] [93] [94] [95] [96] [97] , which is crucial for practical use within a consistent framework [98] .
This paper is structured as follows: Section II describes the process followed in order to generate accurate numerical simulations via CFD, Section III presents the proposed analytical approximations method, a comprehensive comparison between numerical and analytical results for inviscid flow is then presented and discussed in Section IV and conclusions are finally drawn in Section V.
Further details of the generalised analytical approach are provided in the Appendix for theoretical completeness.
II. Numerical Investigations
The lift build-up due to a unit step in angle of attack and a unit sharp-edged gust has been calculated via time-accurate CFD solutions [53] . All simulations have been performed with the solver Edge [99] , a well-established parallelised flow solver developed by the Swedish Defence Research Agency (FOI) for calculating two-and three-dimensional, viscous and inviscid compressible flows on unstructured grids with arbitrary elements. It can perform both steady and unsteady calculations and can couple fluid dynamics with flight mechanics and aeroelasticity; mesh adaptation functionalities and an inviscid adjoint flow solver are also included [100] .
A. Governing Equations
All CFD simulations in this work concern subsonic compressible flow characterised by a high
Reynolds number in the absence of both (strong) shock waves and (large) wake separation. The boundary layer around the aerofoil is then reasonably considered as thin and fully turbulent [101] and the Euler model for inviscid flow has suitably been adopted, as it may be obtained from the Navier-Stokes equations in the theoretical limit of infinite Reynolds number (i.e., when inertial forces are much larger than viscous forces in the flow) [55] . The RANS flow model was also successfully used in selected cases for validation purposes [98] , with k-ω EARSM turbulence model [102, 103] and standard air always assumed as ideal Newtonian gas [68] .
Whenever the problem involves the grid displacing/deforming at a certain rate, the effective convective velocity of the moving boundary/interface must be considered [100] . The correct slip/no-slip boundary condition is applied on the aerofoil surface for the Euler/RANS equations, respectively, whereas far-field conditions are imposed on the outer boundary of the computational domain [55] .
For unsteady simulations, the normal vectors at every fluid-solid interface are recalculated at each time step and all grid quantities are also recalculated whenever the problem involves grid displacement/deformation [100] ; this study has only used the rigid motion of the computational grid, in order to simulate the aerofoil's plunge motion for the case of a unit step in the angle of attack.
B. Numerical Schemes
The central scheme proposed by Jameson-Schmidt-Turkel scheme [104] has been used throughout this study to model the inviscid fluxes, for both Euler and RANS simulations. The artificial dissipation coefficients for the second-and fourth-order terms are 0.50 and 0.02, respectively. A few spot checks have shown no significant differences with Roe's method [105] .
In Edge, time-accurate solutions rely on the dual-time approach based on the implicit secondorder backward difference method [106] , which has already been used in a number of applications [107, 108] and may include a line-implicit approach in highly stretched grid regions [109] . Absence of significant time-step induced effects on the results is guaranteed by a careful convergence study [98] . All simulations performed in this study use compressible schemes [53] and can be carried out efficiently also without pre-conditioning [73] , since the Mach number M = U a of the reference airflow is sufficiently high yet still subsonic.
C. Computational Grids
The far-field boundaries are placed at a distance of 500 chords from the aerofoil and the calculations have been conducted on fine meshes, with a boundary layer resolution such that the distance from the wall of the first grid point is sufficient for the RANS simulation of a realistic flow case (i.e.,
Re 5 × 10 6 ) without wall functions (i.e., y + < 1) [53] . Both Euler and RANS simulations have then been conducted on the same computational grids, which have been obtained by manipulation of those made available by the Turbulence Model Benchmarking Working Group [110] and feature 58300 elements and 57800 nodes, ensuring absence of significant grid-induced effects. It is worth stressing that the present study focuses on aerodynamic phenomena which are essentially inviscid [80] and should ideally be independent of the Reynolds number (except for the indirect effects of the boundary layer thickness, which is not accounted for in the analytical approach anyway); therefore, the Euler-based simulations should be more significant than the RANS-based ones and produced the numerical results presented in this work.
E. Sources of Error and Uncertainty
The most important sources of error are insufficient spatial and temporal resolutions.
An excessively coarse mesh leads to inaccurate circulation around the aerofoil and the relevance of this error is strictly related to the numerical dissipation introduced by the integration scheme.
Also, poor grid resolution normal to the aerofoil wall causes an inaccurate reconstruction of the boundary layer as well as pressure oscillations in the impulsive part of the flow response, especially when solving the Euler equations for unsteady simulations.
An insufficient size of the computational domain may also cause spurious oscillations, due to acoustic waves reflection or unsatisfied far-field boundary conditions.
An excessively large time step leads to under-resolution of the impulsive and transitory parts of the flow response; however, insufficient convergence of the subiterations within each time step causes oscillations at the end of the transitory part.
Finally, by affecting the boundary layer thickness and introducing viscous losses, an inappropriate or mistuned turbulence model may lead to an inaccurate asymptotic (steady) value of the aerofoil lift.
III. Analytical Approximations
The approximation of the compressible indicial aerodynamic functions is here obtained from the corresponding incompressible one [90] , by means of Prandtl-Glauert's transformation [22, 46] for the circulatory partC L and acoustic wave theory [8, 45] for the non-circulatory partĈ L , which
. In particular, the circulatory contribution is significant along the entire indicial functions and accounts for the decaying effect of the wake's downwash on the aerofoil's lift build-up [32] , whereas the non-circulatory contribution is significant at the start of indicial functions only and consists of an initial impulsive-like reaction (where piston theory holds for any aerofoil shape [111, 112] ) followed by a relatively short transitory region (where the characteristic lines of the wave equation intersect), which represents the most complex part of the aerodynamic response [8] . With respect to the lift development of a thin aerofoil due to both a unit step in the angle of attack and a unit sharp-edged gust, exact analytical solutions are available for both the non-circulatory contribution [45] and the circulatory contribution in incompressible flow [23] [24] [25] [26] [27] [28] (see Appendix), whereas few approximate analytical solutions are available for the circulatory contribution in compressible flow [41] [42] [43] [44] [45] [46] [47] [48] , the exact solution being given in complex functional form [39, 40, 49, 50] . However, in order to compare numerical and analytical results thoroughly, the analytical models still require appropriate tuning so to match the limit behaviour of the CFD simulations [92] [93] [94] [95] [96] [97] in both circulatory and non-circulatory parts of the flow response.
A. Circulatory Part
Using the Prandtl-Glauert factor β = √ 1 − M 2 to scale the reduced time τ = 2 * U c t [46] , the aerofoil's circulatory lift development due to a unit step in the angle of attack may be written as:
whereas, according to the "frozen gust" approach [113, 114] , the circulatory lift development due to a unit sharp-edged gust may be written as:
whereC L is generally taken from steady CFD simulations directly and contains most of the nonlinear flow effects [56, 97] .Ȃ W ,B W andȂ K ,B K are the coefficients for the exponential approximation of Wagner's [23] and Kussner's [25] functions for incompressible flow and coincide with those for the rational approximation of Theodorsen's [24] and Sears' [27, 28] functions in the reduced-frequency domain (see Appendix), respectively; Table 1 reports allȂ andB coefficients with n W = 3 and Table 1 Coefficients of the optimal approximation of Wagner's and Kussner's functions for flat aerofoil in incompressible flow [90, 91] .
Simplest (Closed) Form
The simplest approximation of the circulatory lift development due to a unit step in the angle of attack employs a single exponential term (i.e., n α = 1), where no optimisation is necessary but the constraints are still satisfied and imposing the exact limit behaviours (see Appendix) directly
. For the case of a unit sharp-edged gust, the penetration of the latter must also be accounted for and the simplest approximation of the circulatory lift development hence employs a second exponential term (i.e., n G = 2) withȂ 2 = 
B. Non-Circulatory Part
The aerofoil's non-circulatory lift contribution is known either analytically via acoustic wave theory [8] or numerically via CFD [57] and extend to a complex transitory region, where acoustic waves interact before eventually joining the decaying non-circulatory solution with the developing circulatory solution [45] ; thus, these contributions may be approximated with a series of damped oscillatory terms as:
which are best-fitted to the difference between exact non-circulatory solution and approximate circulatory contribution in a range including the transitory region, in order to obtain the coefficientŝ A,B andΩ. Note that damped oscillatory terms own an exact Laplace transform in rational form [76, 98] and their time evolution may hence be reproduced by an equivalent state-space system [118, 119] when added aerodynamic states are suitably defined; moreover, they reduce to simple exponential terms whenΩ = 0 in the absence of any frequency content. In the case of a unit step in the angle of attack, the unknown variables of the nonlinear optimisation problem are constrained as:
circulatory contributions in the entire validity range of the former, by minimising the approximation error via constrained nonlinear optimisation [90, 117] (see Appendix). In the case of a unit sharpedged gust, at least two exponential terms are formally necessary to satisfy the initial conditions of piston theory [111, 112] (see Appendix) and the unknown variables of the nonlinear optimisation problem are constrained as:
a small transitory region joining non-circulatory and circulatory parts also exists and may appropriately be modelled by few additional terms, although not strictly necessary for typical practical applications [10, 80] . The flow condition being identically unperturbed ahead of the aerofoil [45] , note that the initial value of both circulatory and non-circulatory contributions coincide in both tuned and untuned cases; then the lift develops with a different rate.
Simplest (Closed) Form
The simplest approximation of the non-circulatory lift development due to a unit step in the angle of attack also employs a single exponential term (i.e., m α = 1 andΩ α 1 = 0), where no optimisation is necessary but the constraints are still satisfied and imposing the exact limit behaviour of piston theory (see Appendix) directly results in:
For the case of a unit sharp-edged gust, the penetration of the latter must also be accounted for and the last two exponential terms in Table 1 (which are just devoted to reproducing the initial radical behaviour of the circulatory contribution [26] [27] [28] and then decay very rapidly within the duration of the transitory region) are hence effectively replaced by a single exponential term (i.e., Ω G 1 = 0) satisfying the exact limit behaviour of piston theory directly; this may formally be achieved with m G = 3 by imposing:
along withÂ 2 
,Ω 3 = 0, so that the last two exponential terms in Table 1 for the approximation of the circulatory contribution are explicitly cancelled out. Thus, note that the approximation of the full aerodynamic indicial function effectively employs n = 5 exponential terms in both unit step in the angle of attack and unit sharp-edged gust cases.
Of course, when the simplest approximation of the circulatory lift development due to a unit sharp-edged gust is employed in the first place then only its last exponential term may effectively be replaced and formally cancelled out with m G = 2 andÂ 2 =C LȂ2 ,B 2 =B 2 ,Ω 2 = 0; therefore, the approximation of the full indicial aerodynamic function would effectively employ n = 2 exponential terms for the case of a unit step in the angle of attack and n = 3 exponential terms for the case of a unit sharp-edged gust.
IV. Results Discussion and Validation
The two-dimensional lift due to a unit step in the angle of attack (AoA) and a unit sharp-edged gust (SEG) has been obtained for four NACA aerofoils: the 0006 (thin and symmetric), the 0012 (thick and symmetric), the 2406 (thin and cambered) and the 2412 (thick and cambered) aerofoils.
Note that the first NACA digit gives the aerofoil's maximum camber in percentage of the chord, whereas the second digit gives the distance of maximum camber from the leading edge in tens of percents of the chord and the last two digits give half of the maximum thickness (always located at 30% of the chord) in percentage of the chord; finally, the leading-edge radius is about 110% of the square of the maximum thickness [70] [71] [72] .
Several angles of attack and Mach numbers are considered, thus encompassing suitable combinations of flow incidence and compressibility aerofoil as well as camber and thickness. All these parameters are generally relevant for linearised flow regimes [64, 120] and aerodynamic indicial functions are independent of them for linear flow regimes only [10] (i.e., for thin airfoil at small incidence in subsonic flow); extreme cases with very thick aerofoil, high angle of attack or transonic Mach number typically include shock waves [68] (as well as boundary layer separation, in the case of RANS simulations) and are outside the scope of the present work. In the CFD simulations, the small perturbation suitably imposed to the vertical component of the reference flow velocity (i.e., the variation imposed to the angle of attack or the "frozen" gust speed) gives a marginal contri-bution to the overall magnitude of the latter and is indeed coherently neglected in the analytical model [19] . Computational and theoretical results are hence compared and all differences critically assessed based on solid physical and mathematical grounds, in order to provide with a clear and thorough concept demonstration of the combined analytical-numerical strategy hereby proposed for the derivation of aerodynamic indicial functions, including nonlinear effects.
A. Steady Solutions: Static Load
The initial unperturbed condition corresponding to steady compressible flow is first investigated and the critical Mach number is estimated for each test case, based on the pressure distribution for steady incompressible flow, in order to ensure that the aerodynamic flow can actually be considered as subsonic and no significant shock is present (even when the unsteady perturbations are eventually included). The test cases calculated within this study are then summarised in Table 2 [123, 124] and is based on conformal mapping [125, 126] , thus including second-order effects [127, 128] ) with Karman-Tsien compressibility correction [129] ; Figure 3 is also possible to note that the high peak in the local Mach number causes the small discrepancy between numerical and analytical pressure coefficients at the aerofoil's nose, as all scalability rules hereby employed for subsonic flow (both steady and unsteady) do break down in transonic conditions [10, 130] . Numerical results based on RANS CFD have also been computed for the sake of generality and further cross-validation of the proposed computational method [98] and consistent agreement with those based on Euler CFD was always found, especially in the case of the thinner NACA 0006
and 2406 aerofoils flying at the lower angles of attack (which prevent significant wake separation at the aerofoils' trailing edge). However, slightly lower Mach peaks and smaller transonic regions occurred, due to physical and numerical dissipation in the boundary layer with no-slip condition on the aerofoil.
B. Unsteady Solutions: Dynamic Load
Having obtained and verified the steady flow solution to be used as the initial condition, timeaccurate simulations have then been performed to compute the unsteady flow response to both a unit step in angle of attack and a unit sharp-edged gust in terms of lift coefficient development, for each aerofoil geometry and Mach number; a thin aerofoil is also considered in the first place, for the sake of both a theoretical understanding and a direct validation of the proposed analytical model.
Note that, although the aerofoil is also pitching in most dynamic conditions, the unsteady lift due to a unit step-change in the pitch rate is not presented as its analysis follows the same principles of the one for the plunge motion and would hence add little substantial value to the present work; in fact, the aerodynamic indicial function for a unit step-change in the pitch rate is typically assumed just identical to that for a unit step-change in the angle of attack [10, [23] [24] [25] 28 ]. and Kussner's [25] functions are shown as the exact references for the circulatory lift build-up of incompressible potential flow.
For the the unit AoA case, both present and ARA's approximations [10] agree well with piston theory [111, 112] in the impulsive region at the start of the flow response; ARA's approximation is then closer to Mazelsky's results [44] in the transitory region (where the latter is closer to Lomax's solution), whereas the present approximation is closer to Mazelsky's results in the circulatory region.
Note that ARA's approximation of the circulatory contribution starts atC It is worth stressing that both ARA's and Mazelsky's approximations were determined from the (Laplace-transform based) reciprocal relations between aerodynamic indicial functions for a unit step in the angle of attack in the reduced-time domain and oscillatory lift coefficients in the reducedfrequency domain [10, 19] . The latter were always obtained from prescribed harmonic plunging of the aerofoil at a limited set of individual reduced frequencies but were collected experimentally (under nominally attached flow conditions) by ARA whereas numerically (from different sources and methods) by Mazelsky, who subsequently calculated the aerodynamic indicial functions for a unit sharp-edge gust from its reciprocal relations with those for a unit step in the angle of attack [26, 44] .
Opposite to the proposed formulation, all approximate indicial functions provided by Mazelsky were separately derived (with related specific sets of coefficients) at selected Mach numbers, which is not ideal for routine application within the preliminary MDO of flexible subsonic wings. shown as exact references for incompressible flow. Due to Laplace transform [73] , any discrepancy in approximating the indicial-admittance function translates into an discrepancy in approximating the relative frequency response function and vice-versa (see Appendix) [78] ; therefore, ARA's approximation [10] predicts a totally different FRF for the circulatory lift build-up. In particular, a good accuracy in approximating the latter at high reduced frequencies (i.e., highly-unsteady flow)
translates into a good accuracy in approximating the former at low reduced time (i.e., transitory response), while a good accuracy at low reduced frequencies (i.e., quasi-steady flow) translates into a good accuracy at high reduced time (i.e., asymptotic response) [90] . for a thin aerofoil at M = 0.3, M = 0.4, M = 0.5 and M = 0.6, using the simplest approximation form (i.e., a single effective exponential term) for the non-circulatory contribution. All curves agree exactly with piston theory [111, 112] at the impulsive start of the non-circulatory response and asymptotically approach Prandtl-Glauert's theoretical (steady) value [22] at the end of the circulatory response. As expected, the lower the Mach number the higher the impulsive lift whereas the opposite is true for the circulatory lift, with relative differences exacerbated towards the lower In both AoA and SEG cases, the approximation of the non-circulatory response may finally be improved when a series of damped oscillatory terms is best-fitted to the difference between noncirculatory and circulatory responses in the entire validity range of the former [98] , by minimising the approximation error via nonlinear optimisation [90, 117] (see Appendix). Figure 12 shows the unsteady lift coefficient due to unit AoA (left) and unit SEG (right) in the transitory region for a thin aerofoil at all subsonic Mach numbers considered, where either a single damped oscillatory term or a couple of exponential terms are effectively employed; the applicable coefficients are shown in Table 3 . Note that, in the SEG case only, the last three exponential terms in Table 1 for the approximation of the circulatory contribution have explicitly been cancelled out and essentially replaced by either the single damped oscillatory term or the couple of exponential terms implicitly satisfying the exact limit behaviour of piston theory. The latter is now well reproduced but the net improvement in approximating the entire non-circulatory response is remarkable in the acousticwaves driven transitory region too, at least in terms of correct overall trend [45] . Note that the approximation employing a couple of exponential terms is slightly smoother than the one using a single damped oscillatory term, the former approximation also being more conservative in the case AoA cases while the opposite is true in the SEG case; however, both approximations decay and join the circulatory response at roughly the same time (which depends on the Mach number: the higher the latter, the longer the non-circulatory response [8] ). Moreover, the reduced instants where the curves cross are also similar for both approximation types in both AoA and SEG cases. 
NACA Aerofoils
Up to this point, no information has been used from the CFD results. In order to make proper comparisons between numerical and analytical results, the latter have suitably been tuned so to give the (steady) asymptotic value of the circulatory lift build-up of the former [92] [93] [94] [95] [96] [97] . Moreover, two damped oscillatory terms are now effectively employed for best-fitting the difference between CFD results and circulatory analytical response, so that also the transitory region may accurately be reproduced [98] . Note that the initial step of the circulatory lift build-up is kept as the theoretical valueC α L = π, since aerofoil-specific circulatory effects (e.g., due to shape thickness and boundary layer) take time to develop [45] . Still, in the SEG case only, the last three exponential terms in Table 1 for the approximation of the circulatory contribution have explicitly been cancelled out and essentially replaced by either the two damped oscillatory terms implicitly satisfying the exact limit behaviour of piston theory [111, 112] . For the SEG case, the flow being subsonic and the travelling vertical gust being introduced slightly ahead of the aerofoil, the influence of the former is felt by the latter in advance [31, 97] ; therefore, the CFD results do not start at the theoretical value C G L = 0 when the gust hits the aerofoil's leading edge and the good agreement with piston theory becomes evident only at a slightly later time, especially at the higher Mach numbers (for which the validity region of piston theory is larger [8] ). value in the circulatory region. In the case of the flow response to unit AoA step, the center of pressure correctly starts at the aerofoil's mid-chord according to piston theory [111, 112] and then eventually approaches the aerofoil's quarter-chord for all considered Mach numbers (since suitably far from transonic conditions) according to thin aerofoil theory [20, 22] ; this last point is also true in the case of the flow response to unit SEG, where the center of pressure initially oscillates around the asymptotic (steady) position and exact agreement with piston theory is not possible as the aerofoil's presence is felt by the gust before its actual arrival (i.e., the present CFD simulations are more realistic and do not follow the classic "'frozen"' approach [113, 114] , where the load builds up from scratch). for each subsonic Mach number considered: for the AoA case, excellent agreement is always found (this is also true with respect to Lomax's exact solution [45] , which provides further validation).
For the SEG case, excellent agreement is still found in the initial impulsive region (but for the CFD results not starting at the theoretical value C G L = 0 of the "frozen" approach [113, 114] ), whereas the optimal approximation of the transitory region may further be improved by employing more damped oscillatory terms, although this is not deemed strictly necessary as the present accuracy can safely be considered good enough already for practical applications [10, 80] .
To summarise, it appears that the acoustic waves generation (in the impulsive region) and their only if either the complex exact solution derived by Lomax [45] or the efficient tuned approximation proposed in this work are employed, for both unit AoA and unit SEG cases. Theoretical analytical approximations assuming a thin aerofoil and CFD results then exhibit the same trend for the circulatory lift build-up but for the (steady) asymptotic value, which differs due to aerofoil-specific thickness effects [120] especially at the higher Mach numbers; however, the very same circulatory lift build-up is readily obtained as soon as the analytical approximation is suitably tuned so to reach the (steady) asymptotic value predicted by the CFD simulations.
Still, numerical results based on RANS CFD have also been computed for further crossvalidation [98] and perfect agreement was always found in the impulsive region, then a consistent trend of the load build-up is still observed in both transitory and circulatory regions but converges to a different asymptotic (steady) value, which scales the lift growth rate; yet, differences in the latter are indeed small, especially in the case of the thinner aerofoils at the lower angles of attack.
V. Conclusions
In this study, aerodynamic indicial-admittance functions for the unsteady lift of wing aerofoils in subsonic flow have been generated via CFD and theoretical formulations, providing with sound crossvalidation. Both a step-change in the angle of attack and a sharp-edge gust were suitably considered as small perturbations and good practice for calculating such functions was then demonstrated for a comprehensive range of Mach numbers, angles of attack and aerofoils profiles. Damped harmonic terms were also effectively introduced to better approximate the non-circulatory lift, accurately reproducing both the initial impulsive phase (with a single term) and the subsequent transitory phase (with an additional term, as the fluid mechanics is thereby dominated by a complex interaction of acoustic waves) while beneficially preventing the nonlinear curve-fitting problem from resulting ill-conditioned, as less approximation terms become required.
Considering the asymptotic (steady) lift coefficient as free parameter, appropriate tuning of the analytical expressions has also been derived in order to mimic the CFD results and make proper comparisons between the two approaches, where excellent agreement has been found. All results have then critically been addressed with respect to the physical and mathematical assumptions underlying their derivation, within a consistent framework which verified the rigor of superposing circulatory and noncirculatory contributions in the light of the CFD results.
Exhibiting the correct limit behaviours for a generic aerofoil, this study also confirms that linear aerodynamics based on potential flow is remarkably reliable in predicting unsteady airloads when simply tuned to recover nonlinear (steady) viscous effects and thus suitably convenient for practical applications within the preliminary MDO of flexible subsonic wings.
Appendix: Analytical Solution for Aerofoil in Unsteady Potential Flow
Exact analytical solutions exist for aerofoil in potential incompressible flow, for both the steady [121, 122] and the unsteady [23] [24] [25] [26] [27] [28] cases; the corresponding approximate solutions for subsonic compressible flow may then suitably be obtained via well-established tuning/scaling techniques [22, 46] based on rigorous fluid dynamics similitude [68] .
For flat aerofoil in incompressible potential flow, the exact lift-deficiency coefficients due to a unit step in the angle of attack and a unit sharp-edged gust are calculated by Wagner [23] and
Kussner [25] in the reduced-time domain as:
respectively, and exhibit limit behaviours given by [26, 28] :
whereas the Theodorsen's [24] and Sears' [27, 28] functions in the reduced-frequency domain read:
Using the Prandtl-Glauert factor [22, 46] to scale both the reduced frequency k =
and the (unsteady) asymptotic limit as β 2 , according to the present method both Theodorsen's and Sears' functions (see Figure 21 ) may be generalised for compressible subsonic flow as:
with
, whereas Wagner's and Kussner's functions (see Figure 22) may hence be generalised for compressible subsonic flow in the scaled reduced time τ * = β 2 τ as:
the incompressible functions being consistently found for M = 0 and β = 1. Note that all these indicial functions have circulatory nature and quantify the decaying effect of the wake's downwash on the aerofoil's lift build-up [32] . For both a unit step in the angle of attack and a unit sharp-edged gust, the theoretical incompressible non-circulatory contribution is a Dirac δ function centred at the start of the perturbation [8] ; however, this impulsive contribution becomes finite in compressible flow, where the exact initial behaviour of the aerofoil's total lift and leading-edge pitching moment coefficients due to a unit step in the angle of attack and a unit sharp-edged gust are calculated via piston theory [111, 112] as:
respectively, which hold rigorously for τ ≤ 2M 1+M . In the former case, Lomax [45] The best analytical approximation of Theodorsen's and Sears' lift-deficiency functions for flat aerofoil in unsteady incompressible potential flow was sought in the (reduced) frequency k domain, where the two functions are analytically defined as complex parametric curves of finite length and eventually expressed as a series of rational functions [76] , namely:
with both gainsȂ j and polesB j acting as optimization variables; this was preferred to fitting their real and imaginary parts separately, since the latter have infinite extension and an adequate selection of their sample points would hence be more difficult [90] . Due to Laplace transform [78] , the corresponding optimal approximations of Wagner's and Kussner's lift-deficiency coefficients, respectively, may then consistently be expressed as a series of exponential functions in the (reduced) time τ domain [77] , namely:
with both amplitudesȂ j and time constantsB j eventually specified in Table 1 . Note that all these functions assume small (linear) flow perturbations and are rigorously applicable for thin aerofoils at low angle of attack; corrections are typically required otherwise [92] [93] [94] [95] [96] [97] .
Constrained nonlinear optimization [115, 116] was adopted to perform the curve-fitting effectively, where the Normalised Root Mean Squared Error (NRMSE) is the objective function to be minimized and the Normalised Maximum Absolute Error (NMAE) is monitored as quality measure [90, 117] , namely:
where s are the N sample locations,F (s) is the approximation function, whereas F (s) and l are the exact function and its length in the complex plane, respectively.
In order to avoid focusing on certain regions a priori, a uniform distribution of N = 100 sample points F along both Theodorsen's and Sears' functions in the complex plane was first obtained by solving a nonlinear optimization problem where an equal distance between each couple of consecutive samples is sought [90] , with the (reduced) frequency acting as the free parameter s; Sequential Quadratic Programming [116] (SQP) was used as the optimization algorithm. Figure 10 shows both Theodorsen's and Sears' functions along with their proposed approximations; the initial guess for the optimal parameters was based on Jones' results [29] . The same optimal results were efficiently obtained using either the unconstrained Nelder-Mead Simplex Method [131] (NMSM, where the absolute value of the poles was considered for a meaningful implementation of the optimization problem) or a Genetic Algorithm [132] (GA, where the initial population was taken as the SQP solution in order to boost convergence) as well, confirming consistency in the results and robustness of the proposed approach. No clustering of the optimal poles [84] was found and the global optimum was likely reached in all cases.
Note that more rational terms are necessary to approximate Sears' function with the same level of accuracy desired to approximate Theodorsen's function (e.g., both NRMSE and NMAE are below 1% in the present case), due to the linear-like behaviour of the former in the complex plane at high reduced frequencies, where rational terms are not well suited; the same is then true for to Kussner's and Wagner's functions, respectively. Finally, it is worth stressing that any error in approximating Theodorsen's and Sears' functions translates into an error in approximating Wagner's and Kussner's functions, respectively; in particular, a good approximation of the formers at high reduced frequencies (i.e., highly-unsteady flow) translates into a good approximation of the latter at low reduced time (i.e., transient response), while a good accuracy at low reduced frequencies (i.e., quasi-steady flow) translates into a good accuracy at high reduced time (i.e., asymptotic response) [90] . Many approximations were readily available in the literature [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] but the present ones grant the best agreement along the entire exact curves with the least number of poles and possess the correct limit values.
Using the Prandtl-Glauert factor [22, 46] to scale both the reduced frequency as k * = k β 2 and the reduced time as τ * = β 2 τ , as well as the (steady) asymptotic limit as 
